Focusing on the first-best marginal cost pricing (MCP) in a stochastic network with both travel demand uncertainty and stochastic perception errors within the travelers' route choice decision processes, this paper develops a perceived risk-based stochastic network marginal cost pricing (PRSN-MCP) model. Numerical examples based on an integrated method combining the moment analysis approach, the fitting distribution method, and the reliability measures are also provided to demonstrate the importance and properties of the proposed model. The main finding is that ignoring the effect of travel time reliability and travelers' perception errors may significantly reduce the performance of the first-best MCP tolls, especially under high travelers' confidence and network congestion levels. The analysis result could also enhance our understanding of (1) the effect of stochastic perception error (SPE) on the perceived travel time distribution and the components of road toll; (2) the effect of road toll on the actual travel time distribution and its reliability measures; (3) the effect of road toll on the total network travel time distribution and its statistics; and (4) the effect of travel demand level and the value of reliability (VoR) level on the components of road toll.
Introduction
It is well known that in the case of a deterministic networkdeterministic user equilibrium (DN-DUE) assignment, a user equilibrium (UE) flow pattern can be driven towards a system optimal (SO) flow pattern by replacing link cost-flow functions with marginal cost-flow functions. The underlined assumptions of the deterministic user equilibrium model are that travelers are assumed to know exactly the time on each available route and can always choose the least-cost routes for their trips. However, due to their physiological limitations, travelers may not have perfect knowledge about the road traffic condition, particularly in a congested network. Scholars gradually become aware that perceptions are important for accurate quantification of route travel time and the behavioral responses of travelers' route choice decisions. Therefore, more and more scholars have argued that the assumptions of the DN-DUE model are unrealistic and that the stochastic user equilibrium (SUE) model is more aligned with reality.
To account for the travelers' perception errors, researchers usually assume the commonly adopted Gumbel variate as the random error term and use the conventional logitbased stochastic user equilibrium (SUE) model. In the case of a deterministic network-stochastic user equilibrium (DN-SUE) assignment, Yang [1] proposed a perceived deterministic network-marginal cost pricing (PDN-MCP) model, and he further pointed out that though the marginal cost pricing for a logit-based DN-SUE can reduce the total network travel cost (TNTC), it generally cannot achieve the minimum TNTC. It was later proven that marginal cost pricing in the DN-SUE case yields the deterministic network-stochastic system optimal (DN-SSO) solution instead of the actual total network travel cost being minimized. In fact, the "total perceived network travel cost" is minimized [2] . Actually, the perception error defined in the traditional logit-based SUE models can be regarded as "deterministic, " because this kind of perception error is independent of the stochastic travel time (i.e., actual travel time distribution). In view of 2 Mathematical Problems in Engineering this, Mirchandani and Soroush [3] investigated the stochastic perception error traffic assignment problem. The stochastic perception error (SPE) is conditionally dependent on the actual travel time distribution, which is different from the deterministic perception error commonly adopted in the traditional logit-based SUE models by simply adding a random error term such as the Gumbel distribution to the route costs. Though the SPEs are important for accurate quantification of route travel time and the behavioral responses of travelers' route choice decisions, to the best of our knowledge, almost nothing has been published on the topic of integrated consideration of both marginal cost pricing and stochastic perception error.
Moreover, the first-best marginal cost pricing (MCP) is commonly modeled via a deterministic approach in which the route travel times are deterministic. Such an approach does not explicitly consider the value of reduced risk of high travel delay variance [4] . From a deterministic perspective, travelers are usually assumed to take only travel time and tolls into account when making travel route choice decisions. Trip reliability, as influenced by traffic accidents or flow changes, is not taken into account. However, due to stochastic variations in both supply and demand, the travel time almost always involves a measure of uncertainty. Recently, several empirical studies on the value of time and reliability revealed that travel time reliability plays an important role in the travelers' route choice decision-making process [5] [6] [7] . With these studies as a basis, the study of travel time variability (reliability) has gradually emerged as an important topic. In this context, travel time reliability pertains to the probability that a trip can be successfully completed within a specified time interval, reflecting the uncertainty in trip journey times [8, 9] . To model the characteristics of travel time reliability, the concept of TTB is commonly used. TTB is defined as the average travel time plus extra time (for a measure of the buffer time) such that the probability of completing the trip within the TTB is no less than a predefined reliability threshold [10] . Earlier research, by Uchida and Iida [11] , applied the concept of effective travel time to capture the travel time reliability. More recently, Chen and Zhou [10] further proposed a stochastic mean-excess traffic equilibrium model to represent both the reliability and unreliability aspects of travel time variability and travelers' route choice perception errors.
Although the aforementioned studies discovered that travelers do indeed consider travel time variability as a risk in their route choice decisions, relatively little research has been done on the combination of marginal cost pricing and travel time reliability, especially regarding travelers' risk attitudes and/or the valuation of reliable travel under road congestion charge condition [12] . Boyles et al. [12] proposed a firstbest congestion pricing model considering network capacity uncertainty and user valuation of travel time reliability, while Sumalee and Xu [13] investigated the relationship between the stochastic network-user equilibrium (SN-UE) and stochastic network-system optimal (SN-SO) models and established the stochastic network-marginal cost pricing (SN-MCP) scheme for a stochastic traffic network in which demand uncertainty is explicitly considered. The SN-MCP model represents a risk-neutral case in which travelers are only concerned about the average travel time when making route choice decisions. Under travel time uncertainty, travelers actually consider both travel time variability and mean travel time. Therefore, Sumalee and Xu [13] further derived the risk-based SN-MCP (RSN-MCP) model in which travelers are assumed to consider both the mean travel time and reliability in their route choice decision. The RSN-MCP model aims to minimize the weighted sum of the mean and the variance of the total travel time, and it can describe travelers' risk-based (averse) behavior. Recently, Gardner et al. [14] considered the uncertainty in long-term travel demand and in day-today network capacity and discussed the benefit of responsive pricing and travel information.
All in all, the combination of the concept of the SPE and the RSN-MCP has not been explored in depth such as how to integrate travel time reliability and travelers' stochastic perception errors into the traditional congestion pricing model and simulate travelers' route choice behaviors under a tolled stochastic environment; how the SPE, travel demand level, and the value of reliability level influence the components of road toll; furthermore, how the road toll impacts the network performance and travelers' route choice behaviors under a congested risky circumstance. Exploring all the above questions is a key foundation for developing optimum congestion pricing strategies aimed at improving the efficiency and reliability of an urban stochastic transportation network. As a consequence of the above considerations, in this paper, we develop a generalized perceived risk-based stochastic network-marginal cost pricing (PRSN-MCP) model to explicitly consider both the travel time variability and the travelers' stochastic perception errors of the random travel time. Note that, in this paper, we consider a stochastic traffic network problem due to stochastic travel demand. To facilitate the understanding of the model, following Chen et al. 's classification [15] , a detailed classification of marginal cost pricing models in the literature is provided in Table 1 based on (1) perception errors due to the traveler's imperfect information with regard to travel time distribution and (2) network uncertainty caused by the stochasticity of network travel times.
The following are the main contributions of this paper. First, in order to explicitly consider both the travel time variability and the travelers' stochastic perception errors of the random travel time, the paper develops a generalized perceived risk-based stochastic network-marginal cost pricing (PRSN-MCP) model. The PRSN-MCP model presented here can be considered a generalization of the MCP model in a stochastic network. The PRSN-MCP model can be reduced to a certain "incomplete" marginal cost pricing model when certain aspect of the PRSN-MCP model is ignored. For example, if the travelers' stochastic perception errors are neglected, then the PRSN-MCP model is reduced to the RSN-MCP model proposed by Sumalee and Xu [13] . If both the travelers' perception errors and travel time reliability are ignored, then the PRSN-MCP model is reduced to the SN-MCP model.
Second, based on the proposed PRSN-MCP model, this study investigates thr following: (1) the effect of SPE on the perceived travel time distribution and the components of Value of reliability road toll; (2) the effect of road toll on the actual travel time distribution and its reliability measures; (3) the effect of road toll on the total network travel time distribution and its statistics; and (4) the effect of travel demand level and the value of reliability (VoR) level on the components of road toll. Third, the current paper develops these results with an approach that differs from that in the literature. This paper uses an integrated method combining the moment analysis approach, the fitting distribution method, and the reliability measures. The fitting distribution method is used to fit the moments obtained from the moment analysis approach, and the resulted distribution curves can provide a more intuitive "picture" of distribution. On the other hand, reliability measures can provide further a more quantitative characterization of the distribution. Hence, the analysis objectives and analysis tool are both different from that in the literature.
The remainder of the paper is organized as follows. The next section introduces the assumptions used in the analysis and presents the variational inequality (VI) formulation for the perceived risk-based stochastic network-system optimal (PRSN-SO) model. Then, Section 3 derives the analytical function of PRSN-MCP model. The fitting distribution method and reliability measures are used simultaneously to explore the effects of SPE and road toll in Section 4. The final section contains some concluding remarks and recommends further research. Acronyms used in this paper are summarized in Table 2 .
Framework of Stochastic Network Model

Notations and Assumptions.
Consider a strongly connected network = ( , ), where is the set of nodes and is the set of links in the network. Let represent the set of OD pairs in the network, and let the set of routes between OD pair ∈ be denoted by . The notations used in the paper are summarized in Table 3 . For consistency, random variables are expressed in capital letters and lower-case letters are used for mean values of random variables or deterministic variables. Variables with a superscript "∼" represent perceived variables.
Before proceeding with the analysis, some assumptions are made to allow for the closed-form formulation/calculation of the PRSN-MCP model.
(A1) The travel demands between each OD pair are assumed to be an independent random variable with a mean of and variance of , while VMR is the variance-to-mean ratio (VMR) of the random travel demand in which VMR = / . Stochastic demand is further assumed to follow a lognormal distribution, which is a nonnegative, asymmetrical distribution. This has been adopted in the literature as a more realistic approximation of the stochastic travel demand, as opposed to the more commonly used normal distribution [13, 16] . (A2) The route flow and link flow are also assumed to be independent random variables that follow the Perception error distribution of traveler, in this study ( , 2 ) follows a normal distribution with predefined and deterministic mean and variance (A5) Traveler's perception errors are independent for nonoverlapping route segments.
(A6) Traveler's perception errors are mutually independent over the population of travelers.
PRSN-SO Formulation.
In this section, we describe the perceived risk-based stochastic network-system optimal (PRSN-SO) model for determining the equilibrium flow pattern under stochastic travel times and perception errors. Several empirical studies on the value of time and reliability reveal that travel time reliability plays an important role in the traveler's route choice decision process [5] [6] [7] . Therefore, we consider the risk-based (averse or prone) case in which travelers are assumed to consider both the mean travel time and travel time variability in their route decision-making process. In this study, we use the travel time budget (TTB) to represent travelers' risk-based travel behaviors. Besides, due to the imperfect knowledge about the network condition, travelers' perception errors have to be incorporated into their route choice decision process. According to the assumptions (A1) and (A2), the OD travel demand , route flow , and link flow are random variables, which consequently induce the random route/link travel times. As such, we have the following flow conservation relationships among them:
where (1) is the travel demand conservation constraint, (2) is a definitional constraint that sums up all route flows that pass through a given link , and (3) is a nonnegativity constraint on the route flows. Let Δ = [ , ] denote the route-link incidence matrix; , = 1 if route traverses link , and , = 0 otherwise. Let , V denote the mean route flow and link flow, respectively. From (1)∼(3), these route and link flows satisfy the following conservation conditions:
Let , , V be the variance of route flow and link flow, respectively. Then, from the assumptions (A1) and (A2), we have
Mathematical Problems in Engineering
From (5) and (6), we know that the variances of both route flow and link flow can be determined by the means of route flows. Furthermore, the route and link flow distribution can be derived through known travel demand distributions.
In the following, we give the route and link travel disutility. Mathematically, the perceived TTB associated with route ,̃is described as
wherẽ, is the variance of the perceived route travel time, is the perceived route travel time, and VoR is the relative weight assigned to the TTR, that is, value of reliability. Similarly, let̃be the variance of perceived link travel time, and let̃be the perceived link travel time. The perceived TTB associated with link ,̃can be described bỹ
Based on the assumption of independent travel time on each link, we can infer the following relationship between the variances of perceived route travel time and perceived link travel time as follows:
From (7)∼(9), the perceived TTB of the route and link satisfies the following conservation conditions:
We next investigate the formulation of the PRSN-SO model. The objective function of PRSN-SO should follow the value-at-risk concept, which is to minimize the weighted sum of the mean and the variance of the total perceived travel time. Therefore, the following mathematical program for PRSN-SO is defined: min
wherẽ̃= ∑ ∈̃. The constraints of (11) are the same as those of (4). Therefore, the VI formulation for the link-based PRSN-SO model can be expressed as
Proposition 1. The VI formulation for the PRSN-SO (see (11) ) can be written as (12) .
Proof. Note that the feasible set, defined by (4), is closed and convex; and the objective function in (11) is continuously differentiable on the feasible set. Then, according to Proposition 1.2 in Nagurney [17] , the VI formulation for the PRSN-SO problem (see (4) and (11)) can be written as (12) . This completes the proof.
Formulation of PRSN-MCP
Derivation of PRSN-MCP Model.
Let TT = ∑ a∈A V a T a ; then the real gap between the marginal social and marginal private costs in a stochastic network can be represented by
Based on (11)∼(13), the PRSN-MCP toll can be given by
According to (14) , it is clear that the value of PRSN-MCP can be determined as long as 
According to the assumption (A4), and (15) is simplified as the RSN-MCP model.
Calculation of PRSN-MCP Model under Lognormal
Demand. Due to the complexity of PRSN-MCP model, especially the introduction of the variance term in (15) prevents us from deriving a general closed form of the PRSN-MCP toll. However, for calculation purposes, we can derive a specific closed-form PRSN-MCP toll for a certain statistical distribution of the travel demand. In this section, we present the specific form of the PRSN-MCP toll.
As discussed before, travel time variability may come from any combination of the variables 0 (random link freeflow travel time), (random link flow induced by day-today travel demand variation), and/or (link capacity subject to stochastic degradation) [10] . For simplicity, we assume that the probabilistic link travel time only comes from the randomness of the travel demand. Therefore, in order to understand travel time variability, the characteristics of stochastic travel demand need to be clarified first.
Several types of probability distributions of OD travel demand have been adopted by researchers to simulate the travel demand fluctuation, such as normal distribution [18] , lognormal distribution [16] , and Poisson distribution [19] . As indicated in assumption (A1), we use the lognormal distribution in this study, which is more realistic than the commonly adopted normal distribution.
The probability density function of the lognormal distribution is given below:
where is the random variable, and are the distribution parameters, and the mean and variance of are [ ] = . Based on assumptions (A1) and (A2), with lognormal OD demand, the link flows also follow a lognormal distribution
where
. V , V are the mean and variance of link flow on link ∈ .
All of the moments of a lognormal random variable exist and are given as follows:
where [ ] is the th moment of . With (6) and assumption (A3), we have
Let = √1 + VMR/V . Then, by using (16)∼(18) and performing some derivations according to Sumalee and Xu [13] , we can obtain
In this study, the link travel time function is assumed to be the Bureau of Public Roads (BPRs) function, = 0 (1 + ( / ) ), for all ∈ , where , 0 , , are the travel time, free-flow travel time, capacity, and traffic flow on link . and are the deterministic parameters. According to (15) 
Numerical Examples
The purposes of the numerical examples are to illustrate the following: (1) the effect of SPE on the perceived travel time distribution and the components of road toll; (2) the effect of road toll on the actual travel time distribution and its reliability measures; (3) the effect of road toll on the total network travel time distribution and its statistics; and (4) the effect of travel demand level and the VoR level on the components of road toll. The proposed models in this paper can be solved by the Method of Successive Averages (MSAs).
In order to enhance the understanding of the effects of the SPE (or road toll) and also the visualization on the travel time distribution, we use the fitting distribution method (FDM) to fit the moments obtained from the moment analysis approach. The FDM is able to reconstruct a full probability distribution for the travel time or the total network travel time. The interested readers may refer to Clark and Watling [19] and Hill et al. [20] Figure 1 , we can observe that with the consideration of stochastic perception error (SPE), the perceived TTDs are not only gradually moving to the right with a larger variability, but also becoming more dispersed and randomly compared to the actual TTDs. Therefore, it is clear that the SPE affects travelers' perception of the actual TTDs, and thus it can also significantly affect travelers' route choice decisions [21] .
Effect of SPE
Effect on the Perceived Travel Time Distribution. From
Effect on the Components of Road
Toll. Next, we investigate the effect of SPE on the components of road toll. As discussed in Section 3, the road toll can be decomposed into two different components, that is, the average travel timerelated toll (MTTRT) and the buffer travel-time related toll (BTTRT). This can be demonstrated more clearly in Figure 3 . For illustration purpose, we only show route 1 in Figure 2 .
From Figure 2 , we can see the following.
(i) The SPE mean has a significant effect on the MTTRT, while its variance has no effect on the MTTRT. For the BTTRT, the effect of mean is larger than that of variance. These results seem to imply that the SPE mean plays a more important role on the different components of road toll.
(ii) With the increase of mean and variance, the road toll (the sum of MTTRT and BTTRT) is increasing. A reasonable explanation for this phenomenon is that when travelers' perception on travel times becomes more inaccurate, in order to arrive on time at a given confidence level, travelers need to budget a large buffer time, which is leading to a higher rate of congestion charges.
Effect of Road Toll.
In this section, we examine the effect of road toll at two levels: (1) individual actual travel time distribution (TTD) and its reliability measures; (2) total network travel time distribution and its statistics. It should be noted that tolls are charged on all the links.
Effect on the Actual Travel Time Distribution and Its
Reliability Measures. First, Figure 3 shows the actual travel time distribution (cumulative probability and probability density) patterns before and after the implementation of link tolls. From Figure 3 , the following observations can be drawn:
(i) behavioral responses of travelers are explicitly captured in the proposed model. As shown in Figure 3 (a), actual travel time distribution on link 3 is reduced (shifted to the left) when the road toll is implemented. In contrast, actual travel time distribution on link 1 and link 2 is increased (shifted to the right);
(ii) at first glance, with the introduction of the road toll, the probability distribution of the actual travel times of all three routes becomes more concentrated and skewed compared to the toll-free case. That implies that descriptive statistics such as mean and variance (standard deviation) are not very useful in describing the asymmetric actual travel time distribution or as indicators of reliability [22, 23] . Therefore, mean and variance (standard deviation) are not appropriate measures for analyzing the effect of road toll on the reliability of actual travel time.
Second, we adopt the following four reliability measures recommended by the US Department of Transportation (DOT) guide and van Lint and van Zuylen [23] to further explore the analytical and quantitative relationships between actual travel time reliability and road toll. These measures is as are skew , var , buffer index, and planning time index. A brief introduction to these reliability measures is as follows:
skew is defined as the ratio of the difference between the 90th percentile travel time and the median and the difference between the median and the 10th percentile [23] . In general, for very large skew , the distribution is strongly left skewed, which means that the travel time distribution is unreliable.
var is used to describe the width of travel time distribution; large values indicate that the width of the distribution is large relative to its median value, and, hence, actual travel time may be interpreted as unreliable. Buffer index is the extra time required to arrive on time in addition to the average travel time. Here, the buffer index is defined by the difference between the 95th percentile travel time and the average travel time, normalized by the average travel time. The larger the value of buffer index, the lower actual travel time reliability. The planning time index is the ratio of the 95th percentile travel time over free-flow travel time (the 15th percentile travel time is considered as free-flow travel time in this study). A large value of the planning time index means low actual travel time reliability.
From Table 4 , one can see that inconsistencies between different reliability measures are found in this study. Apart from skew , all the other indicators of route 3 are reduced after implementation of road toll. Therefore, we may conclude that the road toll improves the actual travel time reliability of route 3. For route 1 and route 2, however, the results are opposite.
Effect on Total Travel Time Distribution and Its Statistics.
In this example, we further investigate the effect of road toll on the total travel time (TTT) distribution and its statistics. From Figure 4 , we can observe the following.
(i) The TTT distributions corresponding to the toll and the toll-free cases follow a lognormal distribution. However, the TTT distribution corresponding to the toll case is reduced (shifted to the left) compared to that of the toll-free case. This result indicates that road tolls can encourage road users to make their travel behavior choices based on the full costs they inflict upon society, and thus reduce the TTT of road network.
(ii) In this example, compared to the toll case, the probability distribution of the TTT under the toll-free case is more skewed and wide spread (larger values of skew and var mean lower reliability of TTT). This may be because the links with lower travel time reliability will induce higher road tolls; the excess traffic flow on the lower reliability links is then transferred to the higher reliability links, so that the reliability of the TTT may be increased. This result implies that the road toll plays an important role in the reliability of the TTT variability.
Effect of Travel Demand Level and the VoR Level on the Components of Road Toll.
In this example, we use a mediumscale traffic network to further demonstrate the effect of travel demand level and VoR level on the components of road toll. Figure 6 displays the effect of demand and the VoR level variations on the congestion pricing on link 4, when the equilibrium flow pattern is attained. Recall that the PRSN-MCP can be decomposed into two individual components, that is, the mean travel time-related toll (MTTRT) and the buffer travel time-related toll (BTTRT). As shown in Figure 6 , when the VoR level = 0, travelers are not sensitive to the travel time variations and the PRSN-MCP model is reduced to a risk-neutral case. Therefore, the BTTRT is equal to zero and the value of the road toll is equal to the MTTRT.
In addition, Figure 6 shows that the road toll (BTTRT + MTTRT) and the BTTRT increase with the demand level and the VoR level. However, the MTTRT increases with the demand level and decreases with the travel time reliability confidence level. Perhaps this is because when OD demand is fixed and the VoR level becomes larger, the TTB of link 4 becomes larger as well. Due to the increase of TTB, fewer travelers will choose this link, and the mean link travel time will get smaller. Thus, the MTTRT will decrease. However, in order to ensure that travelers who choose this link for travel will arrive at their destinations on time and with a higher reliability, it must levy a larger toll on this link. This means that along with the increase of the travelers' VoR level, the difference between the PRSN-MCP and the traditional marginal cost pricing will also increase. To summarize, the higher the VoR level that travelers are concerned with, the worse the actual effect of the traditional marginal cost pricing model.
Conclusions and Future Research
To make road pricing more efficient and effective, this paper developed a perceived risk-based stochastic networkmarginal cost pricing (PRSN-MCP) model. The new model explicitly accounts for both stochastic demand of road network and stochastic perception errors (SPEs) within the travelers' route choice decision process. The SPE is conditionally dependent on the actual travel time distribution, which is different from the deterministic perception error commonly adopted in the traditional logit-based stochastic user equilibrium (SUE) models by simply adding a random error term such as the Gumbel distribution to the route costs. Using the conditional moment analysis method, we derived a link-based analytical function of PRSN-MCP. Based on an integrated method combining the moment analysis approach, the fitting distribution method, and the reliability measures, numerical examples with two small networks were presented to illustrate (1) the effect of SPE on the perceived travel time distribution and the components of road toll; (2) the effect of road toll on the actual travel time distribution and its reliability measures; (3) the effect of road toll on the total network travel time distribution and its statistics; and (4) the effect of travel demand level and the VoR level on the components of road toll. The analysis results indicate the importance of explicitly considering both the travel time reliability and the SPE in the road toll model under stochastic traffic network. Ignoring the effect of travel time reliability and SPE may significantly reduce the performance of the first-best MCP tolls, especially under high travelers' confidence and network congestion levels.
Various directions for future research are worth noting. In order to facilitate the presentation of the essential ideas, the link travel times are assumed to be independent of each other in this paper. Therefore, a method for relaxing this assumption would be of interest for further study. Moreover, the capacity random degradation characteristic is not considered in this paper; how to include both stochastic travel demand and stochastic link capacity is another possible extension. Finally, in order to apply the proposed model to a large-scale network, a more efficient solution algorithm needs to be developed, based on column generation procedure.
Appendices
A. Derivation of the Mean and the Variance of the Perceived Travel Time
Appendix A provides the derivation of the mean and the variance of the perceived travel time. According to assumption (A4), the perception error for unit travel time, denoted by | =1 , is a sample from ( , 2 ). Furthermore, travel time on link is the sum of independent unit travel times (see assumption (A5)). Therefore, the conditional perception error for link with deterministic travel time 0 is normally distributed as
with conditional moment-generating function (MGF)
where is a real number. Following Mirchandani and Soroush [3] , the MGF of the perceived travel timẽof link for an individual traveler can be derived as follows: Similarly, the second-order moment of̃̃can be derived from the second derivative evaluated at = 0, Using ( (C.6)
Using (19), we have
(C.7)
Differentiating (C.7) with respect to the mean link flow V and performing some simple algebraic operations, we have
(C.8)
